Inequalities involving generalized symmetric means  by Neuman, Edward
JOURNAL OF MATHEMATICAL ANALYSIS AND APPLICATIONS 120, 315-320 (1986) 
inequalities Involving Generalized 
Symmetric Means 
EDWARD NEUMAN 
Institute of Computer Science, Universily of Wroclaw, 
ul. Przesmyckiego 20, 51-151 Wroclaw, Poland 
Submitted by R. P. Boas 
1. INTRODUCTION 
Let t,, t ,,..., t, be non-negative real numbers. The generalized nth sym- 
metric mean h,,(to, t , ,..., tk) is defined by 
c fu 1’1 . .. tik 0 I k, (1.1) 
10 + i, + + ik = ,I 
where io, i, ,..., ik E { 0, l,..., n} (see, e.g., [3]). The sum (1.1) involves (“zk) 
terms. Without loss of generality we may assume to < 1, < ... < t,. If 
f,=f, = .. = tk or k = 0, then ( 1.1) yields h, ( to, t, ,..., fk) = h, (to) = t;. In 
what follows we also assume to < t, where k E N, is arbitrary but fixed. 
For convenience we write h, instead of h,(to, t, ,..., tk). 
In the paper [4] we have derived some inequalities as well as recurrence 
relations for the means h,. Some of these recurrences can be employed for 
the fast evaluation of h, in a numerically stable way. Therein it was shown 
that 
nh,m h 
n+k 
<h2<h h 1 n+l-. n-. n-l n+l (JfEN+). (1.2) 
Thus, the second inequality of (1.2) says that the sequence {h,}; is 
logarithmically convex. For related results see also [l&3]. 
In Section 2 we give some preliminary results. The main result of this 
note is contained in Section 3. As a particular case we obtain the second 
inequality in (1.2). For another proof of this see [4, Theorem 3.21. 
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2. PRELIMINARIES 
For our further aims we introduce the B-splines of Curry and Schoen- 
berg(see,e.g., [7]).Letc=t,d~~~...~t~=d(-co<c<d<oo)bean 
arbitrary but fixed knot. The function 
Mk(t)=k[t(), t I,..., lk](. -t,:- ’ (kEN+) (2.1) 
is the B-spline of order k (degree k - 1). As usual [to, t, ,..., fk] g denotes 
the divided difference of order k for the function g in the points t, 
(l=O, l,..., k) and (x-f)k+P1=(max{O,x--t))k-‘. The “placeholder” 
notation employed in (2.1) indicates that the kth divided difference of the 
function (x- t)“,- ’ of the two variables ,Y and t is to be taken by fixing t 
and considering (x - t)“,- ’ as a function of x alone. 
For the reader’s convenience we list below some well-known properties 
of B-splines. 
(1) Mk (t) > 0 for t E (c, d) and Mk (t) = 0 otherwise. 
(2) In each interval [r,, t,, ,] (t, < t,, , ; ,j = 0, l,..., k - 1) Mk coin- 
cides with an algebraic polynomial of degree k - 1 or less. 
(3) Let t, be a knot of multiplicity r, i.e., let t, I < tj= . = 
t /+r I < f,+r, then M, is exactly k - 1 - r times continuously differentiable 
on (‘, lr t,,,). 
(4) !“’ Mk(t) dt= 1. 
c 
(5) Wdr)& (see, e.g., 171). 
The following integral representation for h,, 
A,,= id Mk(t) t”dt (2 E No) (2.2) 
has been established in [4]. This identity will be used repeatedly later. We 
need also the quantity Jk defined as 
J,= ‘M;(t)dt. 
s < 
(2.3) 
We have the following 
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LEMMA2.i. Let c=tO<tl< ... <tt,=d (-a<c<d<co). Then 
(W* 
where [to,..., t,](;) indicates that the dividend difference operator 
the variable z (z =x or z = y). Moreover, when t, < t, = ‘. 
to= .. =tkp,<tk, then 
k2 
J’=(2k-l)(d-c)’ 
If t,<t,< ... <tk, then 
(2.4) 
acts on 
= t, or 
(2.5) 
(2.6) 
where 
o’(t,)= fi (t/t,). 
/=O 
Ifm 
In the particular case when ti = c + i((d- c)/k) (i = 0, l,..., k), identity (2.6) 
simplifies to 
.2k - 1 
(k-;)!(k+j)!’ (2.7) 
Proof: The identity (2.4) follows directly from Theorem 4.25 in [7]. 
For the proof of (2.5) let us observe that 
k(t-C)k ’ 
(d-c)k ’ 
c<t<d, 
M/x(t) = 
0, otherwise 
provided c = to < t, = . . . = tk =d (see [7, Theorem 4.133). Hence the 
assertion follows. The second case can be treated in the same manner. 
Making use now of the identity 
[to, ll>...> tkl g= i sly’ (t,-ct,-c .‘. <t,) 
f?l=O 
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one obtains (2.6). For the proof of (2.7) we employ (2.6). Upon sim- 
plification we find 
(-1)“k k-1 k 
Jk=(d-c)(2k-I)!,;,,;=F+,(-1)i+i 
Taking into account the identity 
k-~1 k 
1 c (-l)j+~ 
j=O f=j+l 
(see, e.g., [S]) one obtains the assertion (2.7). The proof is completed. 1 
We will need also Jensen’s inequality for integrals. 
THEOREM A. [6]. Let f he convex on (a, h). Further let the functions 
x(t) and a(t) be such that x: [c, d] + R, x-integrable on [c, d], a < x(t) < 6, 
c(: [c, d] -+ R, a(t) > 0 ,for t E [c, d] and j; a(t) dt = 1. Jf the function 
a(t) x(t) is integrable on [c, d], then 
/(jd~(t)x(rldt)~j’o(t)f(x(t))dt. (2.8) 
<’ 
3. MAIN RESULTS 
Let x(t) = C:‘=, a,t’ (0 G/1 < v; a, E R) be an algebraic polynomial of 
degree not exceeding u, and let a = min{x(t): c < t <d}, b = max{x( t): 
cdt6dj. 
We are now in a position to prove the main result of this note. 
THEOREM 3.1. Let f be convex on (a, b). Then 
f( 2 a.h.)b~ Mk(t)f (3.1) 
‘=/I 
Proo$ Putting in Theorem A a(t) = Mk (t), x(t) = c; = ~ a, t’ we obtain 
by virtue of (l), (4), (2.2), and (2.8) the desired result. 1 
We give now three corollaries that follow easily from the above theorem. 
COROLLARY 3.1. The inequalities 
2 d i ajh,,+2 c a a.h r 6 r+s (OdpLv;a,~R), (3.2) 
r=p p<r<.S<O 
(Ah,)* d d*h,, (n E No) (3.3) 
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hold true. Here A’ stands for the Ith-order progressive difference operator 
with increment equal to one. 
Proqf: Substituting into (3.1) f(z) = z2, further taking into account the 
identity 
( 1 
j) art’ 2= f a:?‘+2 1 a,a,Y t’+: 
r=p r=p p<r<*<c 
and making use of (2.2) one obtains the assertion (3.2). For the proof of 
(3.3) we insert in (3.2) u=n, v=n+ 1 (nEN,,), a,,= -1, a,+, = 1. The 
proof is completed. 1 
COROLLARY 3.2. 
h,+,,<h;/t’.h”q 41 (p> 1; l/p+ l/q= 1; i+j,pi, qjENo), (3.4) 
h;:GL,h,+, (n E N, 1, (3.5) 
h,p d h,, (i,piENo;p3 I), (3.6) 
/.,‘I” < /,‘I’ n ’ / (n, 1 E N, ; n 6 I). (3.7) 
Proof First, we establish (3.4). To do this we substitute ,U = u = i +j, 
ai+j= 1, ,f(z) = z into (3.1). Further applying Holder’s inequality for the 
right-hand side of (3.1) and making use of (2.2) one gets 
h;+j=j-‘IM;~P(t) t’.M;“‘(t) t’dt,<h;y.h;;‘y. 
I’ 
Setting now in (3.4) p = q = 2, i = (n - 1)/2, and j = (n + I)/2 one obtains 
(3.5). The inequality (3.6) follows immediately from (3.4) letting j= 0. For 
the proof of (3.7) we take u=v=n (nEN+), a,=l,,f(z)=z”” (/EN+; 
13 n) in (3.1). The proof is finished. 1 
Remark. The inequality (3.7) can be derived easily from (3.5) making 
use of Maclaurin’s idea (see, e.g., [ 1 ] ). 
COROLLARY 3.3. Under the assumptions of Theorem 3.1 the inequality 
holds true, where elk = ((d - c) Jk) ‘i2 < k, with Jk defined by (2.3). 
Proof Applying to (3.1) the Schwarz inequality one gets the assertion 
with tlk as above. The upper bound LYE 6 k (k E N, ) follows from (5) and 
the definition of Jk. 1 
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Making use of Lemma 3.1 we are able to calculate the constants elk in 
(3.8). If there are no restrictions on the distribution of the t’s then with the 
help of formula (2.4) one gets 
When the t’s are equidistant, then 
Results of this section may be useful if one is interested in derivation of 
the inequalities for the Stirling numbers of the second kind, usually 
denoted by S(n, k) (n, k E A’,). These are defined to be the number of ways 
of partitioning a set of n elements into k non-empty subsets. The S(n, k) is 
positive for 1 <k fn and equal to zero for other values of k. In [4] we 
established a relationship between S(n, k) and the mean h,, mk, namely, 
S(n, k) = ; A,, k(to, f, >...> f,c) 
ij 
(06kGn). 
where now t, = I for all I = 0, l,..., k. This identity and results derived above 
lead to some inequalities involving the numbers S( , . ). We omit further 
details. 
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